Cosmologies with a time dependent Newton constant and cosmological constant are investigated. The scale dependence of G and Λ is governed by a set of renormalization group equations which is coupled to Einstein's equation in a consistent way. The existence of an infrared attractive renormalization group fixed point is postulated, and the cosmological implications of this assumption are explored. It turns out that in the late Universe the vacuum energy density is automatically adjusted so as to equal precisely the matter energy density, and that the deceleration parameter approaches q = −1/4. This scenario might explain the data from recent observations of high redshift type Ia Supernovae and the cosmic microwave background radiation without introducing a quintessence field.
I. INTRODUCTION
Recent astronomical observations of high redshift type Ia Supernovae performed by two groups [1] [2] [3] as well as the power spectrum of the cosmic microwave background radiation obtained by the BOOMERANG [4] and MAXIMA-1 [5] experiments seem to indicate that at present the Universe is in a state of accelerated expansion. If one analyzes these data within the Friedmann-Robertson-Walker (FRW) standard model of cosmology their most natural interpretation is that the Universe is spatially flat and that the (baryonic plus dark) matter density ρ is about one third of the critical density ρ crit . Most interestingly, the dominant contribution to the energy density is provided by the cosmological constant Λ. The vacuum energy density
is about twice as large as ρ, i.e. about two thirds of the critical density. With Ω M ≡ ρ/ρ crit , Ω Λ ≡ ρ Λ /ρ crit and Ω tot ≡ Ω M + Ω Λ :
This implies that the deceleration parameter q is approximately −1/2. While originally the cosmological constant problem [6] was related to the question why Λ is so unnaturally small, the discovery of the important role played by ρ Λ has shifted the emphasis towards the "coincidence problem", the question why ρ and ρ Λ happen to be of the same order of magnitude precisely at this very moment [7] .
In an attempt at resolving this naturalness problem the quintessence models [8, 9] have been proposed in which the cosmological constant becomes a time dependent quantity [10] .
Their dynamics is arranged in such a way that ρ Λ automatically adjusts itself relative to the value of ρ. In most of the quintessence models the vacuum energy density ρ Λ is carried by a scalar field which has to be introduced on an ad hoc basis.
In this paper we shall describe a different scenario which provides a natural explanation for the approximate equality of ρ and ρ Λ and for the smallness of the cosmological constant.
We are going to set up a very general framework for cosmologies in which both Newton's constant and the cosmological constant are time dependent. Within this framework, we shall formulate a single hypothesis whose consequences will be analyzed and which will turn out to imply that ρ and ρ Λ are approximately equal in the late Universe. In a nutshell, the hypothesis is that there exists an infrared (IR) attractive fixed point for the renormalization group (RG) flow of the (dimensionless) Newton constant and cosmological constant, respectively. Our analysis is at purely phenomenological level in the sense that it is not necessary to know the details of the physics which is responsible for this postulated fixed point.
Before we formulate our hypothesis in detail we first describe the kinematical framework we are going to employ. It is the same framework which we used in ref. [12] , henceforth referred to as (I), for an analysis of the quantum gravity effects in the early Universe (Planck era).
II. THE KINEMATICAL FRAMEWORK
We consider homogeneous and isotropic cosmologies described by a standard RobertsonWalker metric containing the scale factor a(t) and the parameter K = 0, ±1 which distinguishes the three types of maximally symmetric 3-spaces of constant cosmological time t.
The dynamics is governed by Einstein's equation R µν − 1 2 g µν R = −Λg µν + 8πGT µν with a conserved energy-momentum tensor T µ ν = diag(−ρ, p, p, p) for which we assume the equation of state p(t) = wρ(t) where w > −1 is an arbitrary constant. Now we perform a "RG improvement" [13] [14] [15] of Einstein's equation by replacing G → G(t) and Λ → Λ(t)
where the time dependence of G and Λ is such that the integrability of the field equations is maintained. This leads to the following system of equations: [16, 17] . Our crucial new ingredient [12] are the RG equations (2.1d). Their meaning is as follows.
We describe gravitational phenomena at a typical distance scale ℓ ≡ k In [13] , Γ k has been identified with the effective average action [18] for Euclidean quantum gravity and an exact functional RG equation for the k-dependence of Γ k has been derived.
Nonperturbative solutions were obtained within the "Einstein-Hilbert truncation" which assumes Γ k to be of the form
The RG equations yield an explicit answer for the k-dependence of the running Newton constant G(k) and the running cosmological constant Λ(k). Within the Einstein-Hilbert approximation, the renormalization effects are strong only if k is close to the Planck mass m Pl . In (I) we argued that they are important for an understanding of the Planck era immediately after the big bang. However, there are indications [19] that quantum Einstein gravity, because of its inherent IR divergences, is subject to strong renormalization effects also at very large distances. In cosmology those effects would be relevant to the Universe at late times. It has been speculated that they might lead to a dynamical relaxation of Λ, thus solving the cosmological constant problem [19] . An analysis of such IR effects in the framework of the effective average action is not available yet. It would require truncations which are much more complicated than (2.2) and which contain nonlocal invariants [20] , for instance.
Nevertheless, in order to describe the idea of the "RG improvement" let us assume that we actually know the functions G(k) and Λ(k) for all values of k, in particular for k → 0, i.e.
in the IR. The idea is to express the mass parameter k in terms of the physically relevant cutoff scale. In (I) we argued that, in leading order, the correct cutoff identification in a
Robertson-Walker spacetime is
where ξ > 0 is an a priori unknown constant. Inserting (2.3) into G(k) and Λ(k) we obtain the time dependent quantities G(t) ≡ G(k = ξ/t) and Λ(t) ≡ Λ(k = ξ/t). This is precisely what is meant by the last two equations of the system (2.1), Eq.(2.1d). (See (I) for further details.)
At this point we emphasize that it is not important for the present discussion which physical mechanism actually causes the k-or t-dependence of G and Λ. In particular, we also cover the possibility of an entirely classical origin of this running. In fact, it has been pointed out [21, 22] that G and Λ naturally acquire a scale dependence if one starts from a density distribution which is inhomogeneous at small distances and then performs spatial averaging over 3-volumes of increasing linear extension ℓ = k −1 . The classical dynamics of the averaged quantities leads to a nontrivial RG flow of G and Λ. Since the Universe is certainly not homogeneous at small distance scales, knowledge of this RG flow is important if one wants to parametrize observational data obtained at those scales in terms of a homogeneous FRW model; it was argued that this classical scale dependence might resolve the controversy about the value of the Hubble constant [21] . Another intriguing result is that, after spatial averaging, the backreaction of long wavelength scalar and tensor cosmological perturbations amounts to an effective negative energy density which counteracts any pre-existing cosmological constant [22] .
III. THE FIXED POINT HYPOTHESIS
The above remarks complete our motivation of the system of equations (2.1). We shall now formulate a hypothesis about the RG behavior of G and Λ whose dynamical origin is left open. Introducing dimensionless quantities
hypothesis is that for k → 0 both g and λ run into an IR attractive non-Gaussian fixed point, i.e. that for a wide range of initial conditions
where g IR * and λ IR * are strictly positive. While there are encouraging indications pointing towards the existence of this fixed point [19] , a rigorous proof would be a formidable task, however, probably comparable to a proof of confinement in QCD. In the following we explore the cosmological implications of (3.1) which, as we shall see, provide further evidence for the fixed point hypothesis from the phenomenological side.
The postulated fixed point is the IR counterpart of the UV attractive non-Gaussian fixed point which is known to exist in the Einstein-Hilbert truncation of pure quantum gravity [23, 13, 24] . For a large class of trajectories [25] ,
More generally, we assume that the exact cosmologically relevant RG trajectory in (g, λ)-
The UV fixed point is important for the very early Universe (t → 0) while the IR fixed point determines the cosmology at late times (t → ∞).
It is reassuring to note that a similar crossover between two non-trivial RG fixed points has actually been shown to exist in 2-dimensional Liouville quantum gravity [26] . Its RG trajectory connects two conformal field theories with central charges 25 − c and 26 − c, respectively, where c is the central charge of the matter system.
In the vicinity of either of the two fixed points the evolution of the dimensionful G and Λ is approximately given by
Here and in the following the fixed point values are denoted g * and λ * if the corresponding formula is valid both at the UV and at the IR fixed point. From (3.3) with (2.3) we obtain the time dependent Newton constant and cosmological constant:
The power laws (3.4) are valid both for t ց 0 and, with different coefficients, for t → ∞.
By assumption, the time dependence of G and Λ at intermediate times is given by smooth functions G(t) and Λ(t) which interpolate between the UV and IR power laws. If we use these functions G(t) and Λ(t) in the coupled system (2.1), its solution gives us the scale factor a(t) and the density ρ(t) of the "RG improved cosmology".
IV. COSMOLOGICAL SOLUTIONS IN THE FIXED POINT REGIME
It is important to note that the system (2.1) is actually overdetermined: it consists of 5 equations for the 4 unknowns a, ρ, G and Λ. This leads to nontrivial consistency conditions for admissible RG trajectories and cutoff identifications. (See (I) for a detailed discussion.)
In (I) we showed that if G(t) and Λ(t) are given by (3.4) the system (2.1) has indeed a consistent solution provided ξ assumes a specific value. Quite generally the consistency conditions have the very welcome feature of fixing the ambiguities in the modeling of the cutoff (here ξ) to some extent.
For the case of a spatially flat Universe (K = 0) the consistency condition reads
If it is satisfied, the system (2.1) with (3.4) has the following almost unique solution
Apart from the parameter w and the product g * λ * , the solution (4.2) depends only on a single constant of integration, M, whose value affects only the overall scale of a(t).
Numerically it equals 8πρ(t)[a(t)]
3+3w ≡ M which, like in standard cosmology, is a conserved quantity for the system (2.1).
The solution (4.2) has several very interesting and attractive features. Introducing the critical density
we find for any value of w, g * λ * , and M that ρ crit (t) = 2ρ(t) and ρ Λ (t) = ρ(t). Hence
Thus the total energy density ρ tot ≡ ρ+ ρ Λ equals precisely the critical one: ρ tot (t) = ρ crit (t).
This latter equality does not come as a surprise because also the RG improved Friedmann equation can be brought to the form
so that ρ tot = ρ crit holds true for any solution with K = 0. On the other hand, the exact equality of the matter energy density ρ and the vacuum energy density ρ Λ is a nontrivial prediction of the fixed point solution. In terms of the relative densities,
Also the Hubble parameter of the solution (4.2)
and its deceleration parameter
are independent of g * , λ * and M. It can be shown that the standard formula for q in terms of the relative densities continues to be correct for the improved system (2.1) with an arbitrary RG solution (2.1d):
Clearly (4.9) is satisfied by (4.8) with (4.6).
Another interesting feature of the fixed point solution is that it yields a universal, time independent value of the "Machian" quantity ρ G t 2 [27] ρ(t) G(t) t 2 = 1 3π(1 + w) 2 (4.10)
Since the 1-parameter family of cosmologies (with parameter M ) described by (4.2) is the most general solution of the system (2.1) with the fixed point running (3.4) we conclude that every complete solution of (2.1), valid for all t ∈ (0, ∞), approaches one of the solutions 
Without any further input from the RG equations (which would require detailed knowledge of the matter sector) we cannot assess at which time t FP the fixed point behavior sets in.
At t FP a generic solution, arising from arbitrary initial conditions, starts looking like (4.2).
However, it is very intriguing that the prediction (4.11), valid for t > t FP , is quite close to the values (1.2) favoured by the recent observations * . In particular, the fixed point structure provides a natural explanation for the mysterious equality (or approximate equality) of ρ and ρ Λ . This success supports the idea that the present-day Universe is in the, or at least close to the IR fixed point regime.
The deviation of the observed values (1.2) from Ω M = Ω Λ = 1/2 could be due to the fact that the fixed point behavior is not fully developed yet so that the Universe still has some way to go before the finer quantitative details of the solution (4.2) are realized. However, given the large observational uncertainties [1] it is also well possible that more precise observations will lead to modified values of Ω M and Ω Λ which are closer to Ω M = Ω Λ = 1/2.
A further testable prediction of the fixed point hypothesis is the time variation of Newton's constant. From (4.2) we obtaiṅ
The experimental upper bound from laboratory and Solar System experiments for the present-day value of this quantity [28] is of the order of |Ġ/G| < ∼ (10 11 yr) −1 . Hence even the * Note that the values (1.2) are still afflicted with large error bars [1] . In the (Ω M , Ω Λ )-plane, the values (4.11) lie within the ellipse corresponding to the 2σ confidence region.
technology available today is not very far away from being able to verify or falsify (4.12).
One should bear in mind, however, that the G in Eq.(4.12) refers to a different length scale than the one measured in Solar System experiments, say.
In this context it is interesting to remark that recently a Brans-Dicke theory with a quadratic self-coupling of the Brans-Dicke field has been constructed [29] which admits a solution very similar to our fixed point solution (4.2) and which predicts the same time dependence of Newton's constant.
Up to now we discussed the spatially flat Universe only. The K = 0-solution (4.2)
exists for every value of the parameter w. The situation is different when we now look for solutions with K = ±1 corresponding to spatially curved Universes. In ( The scale dependence of G and Λ follows from a renormalization group which could be of either classical or quantum origin. We postulated that the RG flow at large distances is governed by an IR fixed point and we investigated the cosmological implications of this assumption. It turned out that, in the fixed point regime, the vacuum energy density ρ Λ equals precisely the matter density ρ and that they decrease proportional to 1/t 4 , while Newton's constant increases ∝ t 2 . Assuming that the present Universe is in that regime, this scenario leads to a natural resolution of the coincidence problem ("Why is ρ/ρ Λ = O(1) today?") and of the cosmological constant problem in its original form ("Why is Λ so small?"). It predicts that the universe is spatially flat.
Obviously cosmologies of the type found here are very attractive from the phenomenological point of view. This success provides a strong motivation for further attempts at actually proving the existence of the postulated IR fixed point and the validity of the improved system of cosmological evolution equations, Eqs.(2.1).
In the present paper we assumed the existence of a cosmologically relevant IR fixed point, while in (I) we investigated the consequences of a UV fixed point for the Planck era directly after the big bang. The UV fixed point has been shown to exist in (the Einstein-Hilbert truncation of) pure quantum gravity. The assumption that the matter contents of the Universe is such that there exists both the UV and the IR fixed point leads to a particularly symmetric cosmological scenario: The Universe begins and ends at two different attractors, attractive for t ց 0 and t → ∞, respectively, and its evolution between them is a kind of crossover between two fixed points.
Before closing let us see what happens if we relax our hypothesis to some extent. Up to now we assumed the IR fixed point to be attractive in all directions in the space of coupling constants. It might be that actually there are also unstable directions so that for t → ∞ the Universe is eventually driven away from it. Nevertheless, if it stays for a sufficiently long time close to the fixed point, the solution (4.2) might still be a rather accurate description of the present Universe even though its ultimate fate for t → ∞ cannot be predicted then.
As a more radical step, let us give up our idea that the t-dependence of G(t) and Λ(t)
arises from some RG trajectory G(k) and Λ(k) by identifying k ≡ k(t). We retain however the three differential equations (2.1a), (2.1b), and (2.1c). The system (2.1a,b,c) without (2.1d) is underdetermined so that an additional condition on a, ρ, G and Λ may be imposed.
Without providing a physical explanation, it was assumed in ref. [17] The solution (4.2) resulting from the fixed point hypothesis corresponds to the special case n = 2 and C = 3(1+w) 2 g * λ * /8. Note that the exponent n = 2 is an unambiguous prediction of the fixed point scenario. It is obtained even if we use an identification of k in terms of t which is different from k = ξ/t. The reason is that (3.3) implies GΛ = g * λ * = const for every function k = k(t), but according to (5.1) the product GΛ is constant only if n = 2.
For the cosmology (5.1) one easily computes
, Ω Λ = n n + 2
, Ω tot = 1, q = 1 + 3w − n n + 2 (5. 
